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A Simplified Statistical Model of Turbulent,
Chemically Reacting Shear Flows

PauvL M. Cuung*
University of Illinois at Chicago Circle, Chicago, Il.

A turbulence theory has been formulated which describes, in a simplified, tractable manner,
the effect of various wavenumber fluctuations on the statistical behavior of the fluid elements
containing reactive species. The theory was then employed, as a primary test, to analyze
the turbulent Couette flow of a chemically inert fluid. In the analysis, it was shown that
the present theory as applied to a chemically inert fluid is self-containing up to the dis-
sipation function. An experimental value of dissipation function for a pipe flow, for lack
of the same for a Couette flow, was adapted and used in the analysis. A comparison of the
present theoretical results with the available experimental data on Couette flow showed
a satisfactory agreement between the two. A simple relationship has been derived between
the dissipation function and the other variables of the theory which would render the
present theory completely self-containing for the chemically inert single-component flow.
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Nomenclature
A = constant of order one
Cy,C; = constants of integration defined by Eqs. (34) and (35)
D = diffusion coefficient or diameter of pipe
E = function defined by Eq. (24)
E,E; = functions defining f and f,, respectively
Fl® = ath-order distribution function defined by Eq. (3)
I = distribution function of fluid elements
fu,fe = functions defined by Egs. (19) and (20), respectively
K; = function defined by Eq. (2)
L = half-width of Couette flow or characteristic length of
flow
n = mass fraction of a chemical species
P = pressure
Q = property of fluid elements
Re = Reynolds number, w,.L/»
t = time
U, = velocity vector relative to average velocity
g = absolute velocity vector
U = relative velocity in z direction
U = absolute velocity in = direction
Uor,Upz = functions defining f; and f,, respectively
V,W = relative velocities in y and z directions, respectively
VW = absolute velocities in y and 2 directions, respectively
24,2 = directions shown in Fig. 1
T = position vector
Y = y/L (y is measured from a wall, except for plane jet.
It is measured from centerline in jet.)
1/8 = characteristic time of lower wavenumbers
v = chemical reaction rate constant
84 = Kronecker delta
¢ = function defined by Eqs. (28)
7 = inner variable defined by Eq. (45)
0 = funection defined by Eqgs. (28)
A = characteristic scale of larger eddies
v = kinematic viscosity
T = t{ransition probability defined by Eq. (5)
b = function defined by Eqgs. (28)
¥,y = functions defined by Eqs. (36) and (28), respectively
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Subscripts

¢ midpoint between two plates in Couette flow

5,3,k;m = Cartesian tensor indices
0 = averaged value
w = wall

I. Introduction

URBULENCE is one of the classical subjects which have
been studied for years by many people. Most of the
existing works can be divided into two broad categories.
The first category is comprised of those studies which an-
alyzed the structure and dynamics of various idealized turbu-
lence fields. The idealizations were necessary because of the
extremely complicated nature of the subject. The major
contribution of these studies was to give a better description,
and therefore a better understanding, of the phenomenon of
turbulence itself, rather than to supply the engineers with
the solutions of various turbulent-flow problems of practical
interest. There are numerous publications belonging to this
category.t
In contrast, the other category of works expended its
major effort in deriving various relationships which can be
employed to study quantitatively the real turbulent-flow
problems of engineering interest. By necessity, these
works had to rely heavily upon empiricism and phenom-
enological arguments guided by experimental data. Because
of the empiricism, the usefulness of these theories is severely
limited. As with the first category, there is an abundance
of publications belonging to this phenomenological category.
The problem of “turbulent-wake observables” perhaps
has done more to bring these two categories of works together
than has any other engineering problem of recent years.
When it was first noticed that the radar return from an
underdensed plasma comprising a turbulent wake was a
function of the mean-square fluctuation of the electron con-
centration, it became clear that the conventional phenom-
enological theories were no longer adequate even if one were
to accept the inherent empiricism. It became inevitable
that at least certain aspects of the statistical approach be
brought into the analysis of real flow problems such as the
problem of the turbulent wake. The works of Proudian
and Feldman,! Lin,?? Sutton,* and Gibson* represent the

t Because of lack of space, these publications are not listed
herein.



OCTOBER 1969

earlier endeavor to incorporate portions of the statistical
concept into the turbulent-wake analysis in a tractable man-
ner. In the next section we shall be discussing the analyses
of Lin?-? and Sutton* along with a few other pertinent works.

The turbulent wake is in fact only one out of the class of
chemically reacting, turbulent shear flow problems that defy
solution either by the conventional phenomenological ap-
proaches or by the classical statistical turbulence theories.
The problems of chemically reacting, turbulent boundary
layers and turbulent combustion are a few of the problems
also belonging to this class.

In the present paper, a tractable statistical model of
chemically reacting, incompressible turbulent shear flows is
formulated. Particular effort is made to eliminate the short-
comings of the conventional phenomenological theories per-
taining to the turbulent fluctuation, turbulent transport,
and the chemical reaction. The theory is then, as a primary
test, applied to a chemically inert, turbulent Couette flow.
The result is compared with available experimental data.
In view of the complexities of the problem, a considerable
sacrifice of statistical rigor is made in favor of tractability.

II. Pertinent Previous Works

Several simplified theories have developed since the
earlier works!— mentioned in Sec. I, which attempted, as
does the present theory, to incorporate various statistical
concepts into the real shear flow problems. The works of
Harlow and Nakayama® and Nee and Kovasznay? are the
typical ones. The approaches of all these analyses'™ are
basically different from the present one.f Moreover, most
of these works are not intended for chemically reacting flows.
However, all these works, including the present one, have
one general purpose in common: that is to eliminate, as
much as possible, the empiricism involved in the conventional
phenomenological theories, by the use of a certain statistical
concept. We shall in this section present a very brief de-
seription of the analyses of Lin,2?® Sutton,* Harlow and
Nakayama,® and Nee and Kovasznay.”

Lin?® likened the turbulent transport unto the mixing
of two classes of fluid elements possessing two diametrically
different dissipation characteristics. With this assumption,
Lin formulated a set of tractable governing equations for a
turbulent wake and solved it. Lin made a valuable con-
tribution in that he was one of the first to pose the possibility
of incorporating the statistical concepts into a real flow
problem. The major shortcoming of this work?'3 is that the
relationship between the governing equations he developed
and those rigorously derived from the Navier-Stokes equa-
tion cannot be made clear. Hence, the degree of over-all
approximation involved cannot be assessed.

Sutton* essentially followed the rather classical approaches
previously employed by authors such as Deissler.®® Here,
one first considers that the mean profiles are all given a
priori. Then one applies the closure to the classical turbu-
lence equations at the lowest order by discarding all correla-
tion terms that are of higher order than the second order.
In addition to these procedures, Sutton assumed that the
turbulent transport is expressible by the Boussinesq rela-
tionship, which says that it is equal to certain turbulent
diffusivity times the mean gradient. Furthermore, the
dissipation function was also assumed to be known a priori.
The equations are then self-containing and amenable to a
solution.

Harlow and Nakayama® made the classical Reynolds stress
equation determinate by introducing several transport flux
approximations. These flux approximations were, like
Sutton’s* work, basically patterned after the Boussinesq

 The main difference between these analyses and the present
study will be discussed in the next section under “Turbulence
Model.”
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form. In the approximate expressions, the dissipation scale
became an important variable. A transport equation for
this dissipation scale was formulated, mainly from a physical
argument, and was analyzed along with the Reynold’s stress
equation.

Nee and Kovasznay? formulated a transport equation for
a total viscosity, again from a physical argument similar to
that employed by Harlow and Nakayama.® The total vis-
cosity was defined as the quantity which when multiplied
by the local mean velocity gradient yields the total stress
due to both molecular and eddy viscosities. This equation,
along with the classical turbulent momentum equation, was
then analyzed.

III. Formulation of Theory

General Concept

The similarity between the behavior of molecules accord-
ing to the nonequilibrium kinetic theory and that of fluid
elements in turbulence fields has been recognized from the
days of PrandtlL® Although there exist certain differences
between the kinetic theory and the statistical turbulence
theory, as was pointed out by Taylor,* one can exploit the
various fundamental similarities underlying the two sta-
tistical phenomena, especially in view of the substantial
progress that has been made in kinetic theory during the
past decade.

Most of the classical statistical analyses of turbulence
begin with the various moment equations derived from the
Navier-Stokes equation. Each order averaged quantity
such as the Reynold’s stress, the triple correlation funection,
ete. appearing in these moment equations must then be
considered as an independent unknown variable. The
equations are, hence, intractable for real flow problems unless
one is willing to discard certain terms and replace certain
other terms by known relationships argued: from physical
grounds, as Sutton* has done.

In order to circumvent this difficulty, we shall develop a
governing equation for the lowest-order distribution function
of the fluid elements which can be analyzed for the real flow
problems. Formulation of turbulence equations in terms
of a distribution function is not new in itself, and such formu-
lations derived from the Navier-Stokes equation!!?2 are
just as intractable as the more familiar form of turbulence
equations.

In the present study, we shall first divorce ourselves from
the Navier-Stokes equation, as Lin?® has done. We shall
then show that certain similarities between Brownian motion
and turbulence can be exploited in such a manner that a modi-
fied form of the Fokker-Planck equation can be derived
to describe the salient characteristics of turbulent, chemically
reacting flows. The consistency of this equation in view of
the rigorous statistical turbulence equations is then argued
by obtaining various moment equations from this equation
and comparing them with the moment equations of the cor-
responding order derived from -the Navier-Stokes equation.
For more detailed description of the concept and the equa-
tions to be derived below, the reader is referred to a previous
report'® written by this author.

Turbulence Model

One basic factor that is common to all the previous works
mentioned in Sec. IT is that the turbulent transport phe-
nomena are described in analogy to the molecular transport
in a continuum laminar flow.§ Thus, all important diffusions
were assumed to take place at rates proportional to the local
gradients of the average quantities.

§ The only exception to this perhaps is Lin’s work.2?
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Most of the transport phenomena, however, associated
with turbulent motion are due to the larger eddies with long
preferred memories. The transport of various properties by
these eddies is somewhat analogous to the kinetic-theory
description of the molecular transport in a rarefied gas flow
where the transport rate is not necessarily determined by the
local mean gradient. In addition to the fact that the larger
eddies are mainly responsible for the transport, the other
observable properties, such as the fluctuation comprising
the turbulence energy, are mostly due to these same eddies.

In a physical turbulence field, the various size eddies are
intermingled together. A fluid element, therefore, physically
belongs to all size eddies. A statistical property of the fluid
element is a manifestation of the combined influence of the
various size eddies of which the fluid element is a part. The
influences of the various size eddies on the fluid element
have been discerned through spectral analyses.’''* These
spectral analyses show the effects of the different wave-
numbers representing the different size eddies on the sta-
tistical properties of the fluid element.

We assume that the statistical property of a fluid element
15 entirely due to the lower nonequilibrium wavenumbers,
the particular values of which are unimportant, and that
the role of the higher equilibrium wavenumbers is to de-
generate to a random state and dissipate this property by
their interaction with the lower wavenumbers.

Much is known'* about the dynamics of the various
wavenumbers (degrees of freedom). In particular, it is known
that, when the Reynolds number is sufficiently large, a sta-
tistical separation exists between the higher equilibrium
wavenumbers and the lower wavenumbers across an inertial
subrange. This means, among other things, that there
exist two statistically independent characteristic times, a
short one for the higher wavenumbers and a long one for the
lower wavenumbers, and that these two characteristic times
are sufficiently separated from each other when the Reynolds
number is large. Furthermore, it is known that the inertial
subrange acts as a perfect conductor only in the interaction
of the two wavenumber regions.

The preceding description of the dynamics involving the
wavenumbers (degrees of freedom) can be readily seen as
closely related to Prigogine’s description™ of the generalized
Brownian motion. The generalized Brownian motion de-
scribes the decay of a nonequilibrium degree of freedom
through its interaction with all other degrees of freedom
which are in equilibriumi. The only condition there is that
the characteristic time of the nonequilibrium degree of free-
dom must be much longer than and separated from that of
the equilibrium degrees of freedom.

The characteristic time of the degree of freedom repre-
senting the lower wavenumbers (energy containing wave
numbers) is known®®1* to be of the order of A/(UUx)V2
where A and (U:U,) are the characteristic scale of the larger
eddies and the average turbulence energy, respectively. The
characteristic time for the higher wavenumbers is sufficiently
shorter than that of the energy-containing eddies!®-** when
the Reynolds number is large.

Now, the rate at which the instantaneous momentum of a
fluid element, which is considered here to be due to the non-
equilibrium degree of freedom representing the lower wave-
numbers, decays is written according to the generalized
Brownian motion16 as

Qu; /ot = —B(xy) (Ui — uoi) + Ait) + Kilwu) Q)T

Equation (1) is Langevin’s stochastic equation. The first two
terms on the right-hand side of Eq. (1) represent the decay
rate of the momentum of the fluid element due to the inter-
action of the nonequilibrium degree of freedom with the
equilibrium degrees of freedom. Physically, this interaction

% We employ the Cartesian tensor notation.
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takes place in a most complicated manner over the physical
region large enough to accommodate the larger eddies sur-
rounding the fluid element. The important influence of
these interactions on the fluid element, however, satisfies
the basic criteria of generalized Brownian motion when the
Reynolds number is large. We have, therefore, written the
linear stochastic equation, Eq. (1), for the decay rate of
the influence of the lower wavenumbers (larger eddies) on
the fluid element.

The first term on the right-hand side represents the sys-
tematic portion, wherein B(x;) represents the characteristic
decay rate of the lower wavenumbers, whereas the second
term represents the influence of the rapid fluctuations of the
equilibrium higher wavenumbers. The value of 8(x;), there-
fore, according to the earlier discussion, is of the order of
(UrUrV2/A.

The last term, K, is interpreted in the present turbulence
model] as the force experienced by the fluid element due to
the molecular viscosity and the average pressure gradient.
The rate at which the momentum of the fluid element changes
because of the molecular viscosity is assumed to be given by
the value of »0%u,/0x,.02, observed in that fluid element.
The quantity »v02u;/0x.,0% . is considered herein as one of the
properties of the fluid element. Thus, we write

K; = 0%;/02n0xn — (1/p)0p./0x; 2)

Distribution Funection

We define a distribution function f(z;u;t) such that
Sziust) dx du** is the occupancy probability of the fluid ele-
ment in the phase cell dx du at time {. Next, we define
n(x:,u,t) as the concentration of a transferrable quantity,
such as a chemically reactive species, per unit mass of the
fluid element containing this quantity. We assume in the
present analysis that the fluid is incompressible and that
the transferrable quantity is a passive scalar quantity, which
means that its effect on turbulence itself is negligible.

With the foregoing definitions of f and n, we now define
the oth-order distribution function of the transferrable
quantity as

F(a)(xi;uiyt) = na(xi;ui)t)f(xi}ui)t) (3)

where « is a constant which is equal to or greater than zero.
The probability average of @ power of n, (n®), is then

(n® = JF @du COX

which, with a suitable ergodic argument for a steady-state
system*17 (stationary random system with respect to time),
is the same as the time average of n=.

Transition Probability

We have previously exploited the analogy between the
present turbulence model and Brownian motion. Brownian
motion is a Markov process general treatment of which can
be found elsewhere.®1® The portions of the development
which can be found in these references are slighted in the
following analysis.

Let At be a time interval that lies between the two char-
acteristic times of the lower and the higher wavenumbers.
Such a time interval exists because the statistical separation
of the two wavenumber regions has been considered to exist.
We then let r(z; — w;At,u; — Aw;;Au;) be the transition
probability of the fluid element containing the chemical
species between the two phase points (z; — w;Atu; — Awy)

** dx du = dxldxgdxgduldugdus.

Tt f du = fjw duy f_mw dus fjm dus.
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and (z;,14;) connected by the path of the fluid element. This
transition probability is now determined from the stochastic
solution of Eq. (1) to satisfy the boundary condition that,
as 1/8 — 0, F must approach Maxwellian at the average
turbulence energy 3 (U,U). In a steady-state flow system,
1/8 — 0 implies that the characteristic turbulence decay
time is much shorter than other characteristic times of the
system. .

In the present theory, in which the turbulence energy is
contained in the lower wavenumbers (larger eddies) only,
the boundary condition of approaching Maxwellian at the
average turbulence energy implies the following: The
effect of the interaction between the nonequilibrium lower
wavenumbers and the equilibrium higher wavenumbers
represented by the first two terms on the right-hand side of
Eq. (1) is to degenerate the preferred memories of the fluid
element, which are due to the lower wavenumbers, toward
the random state at the constant average energy of the fluid
element. The last term of Eq. (1) then contains the dissipa-
tion of the momentum out of the fluid element by the molecu-
lar viscosity.

The stochastic solution of Eq. (1) is obtained in a manner
similar to that obtained in Ref. 16, although the present
boundary condition is a bit different from that employed
there, as

1
Gm (U Ur)BAL)?
(Bui — K) A2/ (#UUnBAYNY  (5)

7(u;Aus) = exp— {[Au; +

Governing Equation for F(

The governing equation for the distribution function FV is
formulated herein. This equation is the Fokker-Planck equa-
tion adapted and modified for the present purpose. By

setting n = 1, we then readily obtain the governing equation

for f(= F©) as the degenerate case of the equation for F®,
Since we are considering only one chemically reactive

species mixed with an incompressible chemically inert fluid,

the only appropriate chemical reaction is that given below:

(On/t) chom = YN* 6

where <y is a rate constant which may be either positive or
negative. We assume that the molecular diffusion of n
into and out of the fluid element takes place in accordance
with the value of Dd%*1/0x.,.0%.,, observed in that fluid element.

The governing integral equation for F¥ is now constructed
as

FO>zut + At) = f_mw [F(l)(zi — wilAbu; — Augt) +
YF @ (x; — u;Atus — Augt)- At +

on ‘
b (W > zi — wistui — Auit (@i — uiAbus —

Aui,t)-At] 1 — wilAbu; — Aug;Aug)d(Aa)  (7)

In Eq. (7) the left-hand side is, of course, the probability of
finding the chemical species at the phase point (x;,u:) at
time £ + At. The quantity within the square bracket on the
right represents the probability of finding the species at the
neighboring phase point at time ¢, plus the probabilities that
the species concentration contained in the fluid element will
be changed by the chemical reaction and the molecular
diffusion during the time interval A¢ that the fluid element
takes for the transition between the two phase points. On
the right-hand side of Eq. (7), then, the aforementioned
quantity is multiplied by the transition probability and is
integrated over all the neighboring points accessible to the
point (z:,u;) during the time At
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Equation (7) is transformed into a differential equation by
expanding the various functions in Taylor series and by dis-
carding the terms of order (A#)? and higher. Then, after a
considerable manipulation,’® there results, with the use of
Egs. (2) and (5),

oF W 0 0%y 1 op, :I
i —_ (1) = e —
b ox; T du; l: r <V O, 0Tm P bxj>

> A azm]
(O] R,
g [an(P U)+ =5~ suat,
on

OLmOTm

Df + yF@ (8)
Equation (8) is the fundamental equation for the present
purpose which governs the distribution function F®, for
steady state.

It is readily seen that, as 1/8 — 0, Eq. (8) gives the fol-
lowing limiting solution which was to be expected from the
boundary condition applied on Eq. (1):

(n) ox _[ UwUs ] ©
Br(UUn)2 P~ | 30U

It can be shown,® in a manner similar to the Chapman-
Enskog expansion in kinetic theory,’® that, as 1/8 is slightly
increased from zero and as FO is perturbed slightly from the
Maxwellian distribution of Eq. (9), the transport rates of
momentum and chemical species become proportional to the
mean velocity and concentration gradients, respectively.
In this near-equilibrium (near-isotropic) limit, therefore, the
Boussinesq relationship is valid. In a typical shear flow,
however, 1/8 is not sufficiently small to insure the validity
of the Boussinesq relationship.

Equation (8) is not determinate because the quantities
(0%;/02,,0z,) and (0™n/dx.0x,) are not known. Since
these quantities have been assumed to be properties of the
fluid elements, either they must be considered as additional
independent variables for the distribution funetion or one
must. be able to relate them to other properties which have
been already described.

In the subsequent analysis of chemically inert Couette
flow, Eq. (8) will be analyzed by an approximate method
which utilizes the moment equations derived from that
equation. Out of those terms appearing in the moment
equations which are generated from the term (0%:/0Zn0%n),
only one term is important and is unknowni}i: the dissipa-
tion function. We shall analyze the problem first by em-
ploying the experimentally measured value of the dissipation
function. Later, a theoretical approximation of the dis-
sipation function will be given in the light of the solution
obtained.

F® (xi,ui) =

"Moment Equations

The generalized moment equation will be first derived
from Eq. (8). Several particular order moment equations
will then be deduced from the generalized moment equa-
tion. The reason for deriving these moment equations is
twofold. The first is that the particular order moment
equations derived will be compared with the corresponding
moment equations classically derived from the Navier-
Stokes equation. From this comparison, we shall be able
to establish a certain consistency of the present model in
the light of the rigorous classical approach. Secondly, as we
mentioned in the preceding subsection, we shall be utilizing
these moment equations for the solution of the Couette
flow.

We let Q(z:,U,) be a generalized property function and
multiply Eq. (8) through by this function. Then, after

11 In that problem, n» = 1 and 3*n/32.,0x, = 0.
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some manipulation similar to that employed in deriving
the Enskog’s generalized moment equation from the Boltz-
mann equation,'® we obtain

Q

o f (o & UDQFWVAU — f (o + U9 o U +

f 28 o 0%

09 [ ua + Un _ l%] DY —
Ry [” LT por, |t U=
<UkU,c> 2Q oF ™ ]
{1)
[ka 7 a0+ faUkadeU +

(@ o
v [ FoQau D [0 U (10)
Now, Eq. (10) can be first reduced to the generalized mo-
ment equation for F©@ = f by setting n = 1. Then, as we
substitute @ = 1 and @ = U, suceessively in Eq. (10), there
result continuity and momentum equations that are identi-
cal to the corresponding equations derived from the Navier-
Stokes equation. Next, we derive the following stress
tensor equation by substituting Q = U;U; in Eq. (10):

au,,] auoz

+ (U; Uk)

U; Uk) + uak (UU)

- chk (U:U;Uwy — 28 [(Uin> — 3

[52<UiUf> .
g OL QL

8:{(Us Uk)] +

oU; a_UJ
QL OLm

] (D8

where we made use of the identity

* (v, af of _

f —o ( aU> U =
-, ( aU> aU = —25, (12)

The turbulence energy equation is derived by a contraction
of Eq. (11) as

or 5= <U U + 20U § au“ = — 3 - (ULUUY +
oXU Uy aU
g [bxmbxm bxm bxm :l (13)

Similar moment equations for the chemical species can be
derived from Eq. (10). However, for lack of space here we
shall include thém in a future paper.

It has been already stated that the continuity and mo-
mentum equations obtained from Eq. (10) by substituting
Q@ = 1 and @ = U, respectively, are identical to the corre-
sponding equations derived from the Navier-Stokes equation.
A comparison of Eq. (11) with the corresponding stress equa-
tion derived from the Navier-Stokes equation¥¥ shows that
the two are identical if

26 [(UiUﬁ - lgﬁ <UkUk>:| =

1 b 1 - (oU; oU;
[ax wU) + = <pU>] <p (bx, axj)> (14)

A contraction of Eq. (14) gives
(0/0z1)(pUs) = 0 (15)

§§ Here we assumed that the present probability average is
the same as the time average and, hence, we replaced (22U,;U;/
AL OLmy by U U )/ 02 mOm.

T See, for instance, Eq. (4-3) of Ref. 10.
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Implications of Eqs. (14) and (15) are as follows: First,
the present theory neglects the first term on the right-hand
side 6f Eq. (14) as compared with the second term, and
second, the present equation when compared to the classical
stress equation says that

26 [(U«;Uj) - %52]<UkUk>] =

-, (axi )

Equation (16) is identical to the relationship between the
stress and the pressure-velocity-gradient correlation function
derived by Rotta® if we let

B = (A2 KU U2 a7y

Equation (17) is consistent with the meaning and the value
which we originally attached to 8 of Eq. (1) in the formula-
tion of the turbulence model. Furthermore, the expression
on the left-hand side of Eq. (16) resulted from the present
description of the decay of the preferred memories of the
larger eddies toward the randomized state. Reference 10
gives a rather detailed physical explanation showing that
the right-hand side of Eq. (16) is the term which describes
precisely the same decay of the preferred memories of the
eddies in the classical turbulence stress equation; hence
Eq. (16) is essentially a physical identity.

Now, we have shown that the present moment equation,
Eq. (10), is consistent with the classically derived moment
equations, at least up through the stress equations, except.
for the approximation that it neglects the first term as com-
pared with the second term on the right-hand side of Eq.
(14).

A similar comparison can be made between the moment
equations derived from Eq. (10) including the variable n
and the classically derived moment equations for the chemical
species n. This comparison is given in Ref. 13 and is not
included here for the lack of space.

This concludes the formulation of the general theory.
We shall now apply the theory, as a first test, to the simplest
flow configuration of Couette flow.

IV. Couette Flow of a Chemically Inert Fluid

Formulation

We consider a turbulent Couette flow of a chemically inert
fluid, as shown in Fig. 1. Because of the reason given follow-
ing Eq. (9), we shall analyze Eq. (8) for this problem by a
moment method that has been previously employed in solv-
ing the Boltzmann equation for highly nonequilibrium
(from the viewpoint of kinetic theory) rarefied gas flows or
shock structures. Out of the numerous methods available,
we shall employ the moment method first used by Liu and
Lees?? in the solution of a rarefied Couette flow. It is recog-
nized at the outset that this is not the one best suited for the
present turbulent-flow problem. This method is chosen,
however, because of its simplicity. Since the detailed dis-
cussion of the method is given in Ref. 19, we shall in the
following apply the method to the present problem without
elaboration.

We first approximate the distribution function f by the
following two-stream half Maxwellian functions:

f=h+1 18)
(v — Uua)? + V2 + W2
7 Gy P [ B ] oo
(19)
— o 2 + V2 + EW2
= Gamyee P [(u - 2)2E2/3 ] for V<0
(20)

and f, and f; are zero for V < 0 and V > 0, respectively.
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In Eqgs. (19) and (20), Ei, Es, u,, and u. are the unknown
funetions of y to be determined.

With the preceding distribution function, the salient mean
quantities are defined in terms of the functions By, Es, s, and
Uo2 AS

w=w= [T av ["av [ awju+

[oav f° av [ awp = "2 )

(UV> — 1 [_ (uol + UaZ) (E11/2 _ E21/2) +

(6m)2 9

(%»1E1”2 - u,,:,Ef”)] (22)

U = <“—“ 5 ”"2)2 +

1
(é ) (B + B + o (BE)" (23)

We now employ the first four moment equations derived
in the preceding section from the generalized moment equa-
tion, Eq. (10). These are the continuity equation, the mo-
mentum equation, and Eqs. (11) and (13). These equations
are first simplified by recognizing the fact that v, = w, =

0/0x = 9/dz = 0 for Couette flow. The various average -

quantities of the equations are then evaluated in terms of
B\, Es, U, and ue by the use of Eqgs. (18-20). The resulting
continuity equation is immediately integrated with the boun-
dary condition of » = 0 at the wall to give

E1 = Eg = E (24)

The remaining three equations are now manipulated and
nondimensionalized to give

1 d¢ 2 \ 2 d(6)
Re dv? <§) ay 25)
—1— § l/2d2(‘l/g) _ 1/2 ¢2 . 1/2
Re(w) dy? —2<7r> < +9> %
, 4o
(0) + 655 (26)

; <3W)/M + 2(6m) "2 —L-e’ @7

Re dy? - (‘W)
where

¢ = (ual + qu)/uoc, \l’ = (uol - qu)/uoc
6 = EV/us ¥ = y/L, Re = uol/v (28)
€ = v{(QUr/02,)OUr/0n)

In deriving (26), it was assumed that »{(QU/0z,)0V /0x..)
K B(UV). This assumption implies that the effect of molecu-
lar viscosity in degenerating the preferred memories of the
larger eddies is negligible as compared with that of the mo-
mentum interaction between the eddies.

Also, in Eq. (26), the expression of Eq. (17) was employed
for 8 with A = 1 and A = 4L. This particular value of
A was chosen because of the following reason: The quan-
tity A is the characteristic scale of the larger eddies, which is
probably of order y measured from the wall, reaching the
maximum value of L at the midpoint between the two plates.
For simplicity, it was decided to set A equal to an average
value of L/2 for the entire flow region.

The only unspecified quantity in Eqgs. (25-27) is the dis-
sipation function® €’ appearing in Eq. (27). As has been

*To be precjse, ¢’ is not exactly equal to dissipation. It is,
however, sufficiently close to it, and €' is usually measured to
represent the dissipation.®®
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Fig. 1 Couette flow configuration.

x,u

already stated following Eq. (9), we shall employ an experi-
mentally measured value of €’ for pipe flow in the solution of
Eqgs. (25-27). At the end of the present paper, however,
we shall advance an approximate theory which predicts the
dissipation function.

The dissipation function measured by Laufer® for pipe
flow is used because no published dissipation function
is available for Couette flow, and also because pipe flow is
perhaps more similar to Couette flow than any other flow
configuration. The following modification, however, was
first made on the value of the dissipation function measured
in pipe flow so that it will more closely describe the dissipa-
tion in Couette flow.

In Couette flow, the mean velocity at the midpoint u.. is
the average mean velocity of the flowfield between the two
plates. The mean velocity at the center of pipe flow, on the
other hand, is the maximum velocity but is not the average
mean. We assumed that the dissipation in Couette flow
normalized with .. and L is equal to that in pipe flow nor-
malized with the average mean velocity Uave and D/2. Re-
lationships were needed between the friction velocity, maxi-
mum velocity, and average mean velocity of the pipe flow
in order to translate the dissipation data of Laufer. These
relationships are found in Ref. 20, and the eighth-power mean
velocity profile for pipe flow was employed in utilizing these
relationships.

According to Ref. 10, out of the two Reynolds numbers
at which the measurement of the dissipation function was
made, the most reliable measurement is that which was made
at the Reynolds number, based on the maximum velocity and
the pipe radius, of 2.5 X 10% At the same time, the most
complete experimental values of mean velocity profile for
Couette flow are presented in Ref. 21 at Re = 10% with
which we would subsequently compare the present theoretical
results. Tt was decided, therefore, to solve the governing
equations, Eqs. (25-27), for Re = 10% with an interpolated
pipe dissipation value.

In accordance with the discussions presented in the pre-
ceding two paragraphs, we obtained the following expression
for the dissipation function for Couette flow at Re = 10%:

0.0004/Y,for0 <Y =
"L/ Uoe® =

0.0004/2 — ), for1 = (29)

=Y <2

Equation (29) was chosen because it is simple, yet it ap-
proximates the experimental value closely for all ¥ except
for Y — 0 (and ¥ — 2) and ¥ = 1. On a physical ground,
it is obvious that €’ should decrease near the wall and should
become zero at the wall. Also, at ¥ = 1, de’/dY must be
zero from the symmetry condition. The fact that Eq. (29)
fails to describe the dissipation correctly at these isolated re-
gions is not critical in the present analysis, and these points
will be discussed further subsequently.

The boundary conditions for Eqs. (25-27) are as follows.
At Y = 0,

$=¥0 =y =0 (30)
andat ¥ =
p=490=y¢*=0 (31)

An inspection of Egs. (25-27) shows that these equations
exhibit a singular behavior at large values of Re. We shall
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therefore exploit this singular behavior and solve the govern-
ing equations by the method T of “inner and outer”” expansions
in the following.

Manipulation of Equations

The relative orders of magnitude of the various terms
comprising the governing equations can be made clear
through the following manipulations. Equation (25) is
first integrated once. The resulting equation is then com-
bined with Eqgs. (26) and (27) to give

w5 G- o)/ v]-
(55 G (5 -o)/v]

do -
((ﬁ; - 01> =0 (32

wans ¢+ o (5) (8 - o)/ v] -

1\de fdé . \_ (<L) _
2(Re> dy (dY C‘) S(u,,cs) =0 @3

where C; is the constant of integration of Eq. (25). We have
now reduced Egs. (25-27) to the two equations, Eqs. (32)
and (33). The coupled equations (32) and (33) govern
" ¢ and Y2 @ is then given by Eq. (25). Equation (25)
converts the boundary condition ¢6 = 0 of Eqgs. (30) and
(31) into the following condition at ¥ = Oand ¥ = 2:

(dop/dY)w = C, (39

It is known from the experimental data2!2® on surface skin
friction that (d¢/dY), is of much greater order of magnitude
than one, and, also, it is related to Reynolds number. We
therefore first let

C; = (d¢/dY)w = Cy/(1/Re)2 (35)
where C» 1s a constant of order one. We also let
y? = (1/Re)m¥ (36)

with ¥ considered as order one. The exponents m and g,
which are positive, will be determined subsequently.

Equations (35) and (36) transform Egs. (32) and (33),
along with Eq. (25), to

A\rtedly w[(1\edp ,]"do _
(Re> dys 2 [(Re) ay 02] ar/ ¥
0 (L)(:ﬁm/?)‘f’q—l {\E—i— ?ZZ <i>2(1—m—q) [(_1_)1 d_¢ _
Re 4 2¥ \Re Re/ dY
2) 12 1 qd_d) _
02] } [(E) av Cz:l =0 (37
1 \rte @ LN [ 1 \edo
(Re) e I\I’ + 6m (Re> [(R«;) ay
' ? do [ (1\d¢ _
Cz] /‘I’} —2&? [(Re) av Cz:l -
1\t fe'LL
8 <E) (fﬁ) =0 (38
vag — (37N (LY (LY de
v = (2) (Re) [(Re) av 02] (39)

Boundary conditions for Egs. (37-39) are those given by
Egs. (30, 31, and 34).

T See Ref. 22 for the general method.
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The coefficients of the highest-order differential terms of
Eqgs. (37-39) are very small. This indicates that there exists
an “inner” region?2:2¢ near the wall. These highest-order
terms describe the laminar transport, and this inner region,
only within which the laminar transport is important, would
correspond to the conventional “laminar sublayer.” The
method of the “mnner and outer” expansions??:2* (singular
perturbation) is well suited for the solution of such a prob-
lem. It is pointed out here at the outset, however, that
Eq. (38) with €'L/u..* given by Eq. (29) is valid for Re =
10* only. Hence, the full use of the method, resulting, for
instance, in the universal values for m and ¢, is not possible
here since such analysis requires the functional relationship
between the dissipation function and the Reynolds number.

In the following analysis by the singular perturbation, Re
is simply a large number equal to 104 and the values of m
and ¢ are chosen so as only to render the salient terms of the
inner and the outer regions order one for Re = 10%

Outer Solution: Fully Turbulent Region

After a study of the various terms of Egs. (37-39), it was
decided to let m = + and ¢ = L. We shall, in the outer
region, consistently neglect the terms of order (1/Re)*? and
higher. Up to 0(1/Re)V?, Eqs. (37-39) become

12
’21%% = 2(10)V2 I:% + ‘%’ (10)~2Cy? / \If] (40)
o {(0.33/202)1/1/ for0<Y £ 1 )
ay — 1(0.33/20)1/(2 — V) for1 £ ¥ < 2
V120 = — (3m/2)12(10) ~2C, (42)

From the symmetry which exists between ¥ < 1 and ¥ > 1,
the two boundary conditions on ¢ given in Egs. (30) and
(31) imply that ¢(1) = 2. Equation (41) is now integrated
and, after applying the boundary condition ¢(1) = 2, there
results

B ((0.33/2C2) InY 4+ 2 forY £1

033/20) In@ — V) + 2for ¥ 21 D

Equation (41) is then substituted into Eq. (40) for d¢/dY
and there results for ¥

(0.33m)% 1

3 ) — — = =<1
Vi + 67 (1072)C2 ¥ 60 1° 0 for Y =
(0.337)? 1 4
3 —2 — - = >
¥? + 6m (107501 - 60 @< 71y Ofor Y =21

Standard solution for linear cubic equations is, of course,
available, and, therefore, ¥ described by Eqs. (44) is con-
sidered to have been obtained. With ¢ and ¥ known, Eq.
(42) immediately gives 6.

Equations (43) and (44) show that ¢ is antisymmetric
and ¥ is symmetric about ¥ = 1, as was expected. In
addition to this, we should expect that d?¢/dY? = d¥/dY =
0 at ¥ = 1 on physical grounds, which are not satisfied by
Eqgs. (43) and (44). One can readily see, however, that this
discrepancy is precisely due to the fact that we approximated
the dissipation function by Eq. (29), which, although sym-
metric, does not give the correct physical behavior of d(e’L/
Uo?)/dY = 0 at ¥ = 1. This point was explained earlier,
following Eq. (29). However, the values of d%/dY? and
d¥/dY at ¥ = 1 given by Eqs. (43) and (44) are negligibly

_small.

The outer solution has now been obtained up to the un-
known constant C,. This constant, which represents the
surface shear [see Eq. (35)], is determined through a match-
ing with the inner solution which is described below.
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Inner Solution: Laminar Viscous Region

It was mentioned following Eq. (29) that this equation,
approximating the dissipation, should fail near the wall.
In fact, the dissipation should decrease toward zero through
the inner region. In the inner region, the laminar, viscous
phenomena predominate over the turbulent phenomena
including the dissipation. It is assumed in the following
that the dissipation term, whose correct value is not known,
is of smaller order of magnitude than other terms of the
governing equations in the inner region.

Now, for near ¥ = 0, we stretch the inner region by de-
fining an inner independent variable by

n = Y/(1/Re)V?

(45)

Equations (37) and (38) become up to 0(1/Re)¥?, with the
use of Eq. (45), as

@ v /(d_d’_ >_
dn’ 10~ Ynp2 dn C.
dp (dp _ ? -
5 dn <d7l C’Z>/\I/ 0 (46)

@Y _ o9 (4
=0 < 2 C2> 7

Equation (39) is unchanged except that (1/Re)«d$/dY be-
comes d¢/dy.

Boundary conditions for Eqs. (45-47) at the wall are those
given by Eqgs. (30) and (35). The other set of boundary
conditions are that ¢ and ¥ should asymptotically match to
those given by the outer solutions, Eqs. (43) and (44), respec-
tively, as  — . This point will be discussed further in
the following.

Matching

The matching near ¥ = 0 will be discussed herein. The
matching near the other surface, ¥ = 2, is the same as that
near ¥ = 0.

We essentially have the outer solution in closed form, up
to the unspecified constant C,, which is given in Eqgs. (43)
and (44). The inner solution, on the other hand, must be
obtained by integrating Eqs. (46) and (47) numerically.
The boundary conditions for Eqs. (46) and (47) are Eqgs.
(30) at 7 = 0, and that ¢ and ¥ approach those given by
the outer solutions Eqs. (43) and (44), respectively, as n — .
These boundary conditions at » — « for the inner equations
insure the matching between the two regions.

C, is an unspecified constant appearing both in the outer
solutions and in the inner equations. There is a particular
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Fig.2 Couette flow solution and experimental results.
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Fig. 3 Inner solution for Couette flow.

value of C, which permits the asymptotic matching of the
two regions and, at the same time, satisfies the relationship
Eq. (35). This matching solution is obtained by iterating
on Cs.

Couette Flow Results

From the solutions of Eqgs. (25-27) described in the pre-
ceding subsections, the profiles of the mean velocity, Reynolds
stress, and turbulence energy have been computed by the
use of Eqs. (21-23). These quantities are plotted in Fig.
2. The stretched inner profile (laminar sublayer) is shown
in Fig. 3.

The available experimental data for Couette flow are
summarized 'in a paper by Robertson.?t All the published
measurements were on the mean velocity profile and the
surface shear, and no experimental data are available for
the Reynolds stress and the turbulence energy.

Figure 2 shows that the velocity profile obtained in the
present analysis compares very satisfactorily with the ex-
perimental values. The coefficient of skin friction C; was
computed from the present solution for Re = 10* as 0.005.
This value is within a percent or two of that measured in the
experiment of Robertson.2! Since the approximate dissipa-
tion function deduced from the experimental data of pipe
flow was employed in the present analysis, this close agree-
ment of C; with that of Robertson is rather fortuitous.

V. Approximation of Dissipation Function

An approximate expression for the dissipation function
applicable to the shear flows in general will be derived
herein. As it was discussed in Sec. IIT under ‘“Turbulence
Model,” much is known about the dynamics of the various
size eddies or the various wavenumbers (see, for instance,
Refs. 10 and 14). Although most of the dynamical analyses
were made for idealized turbulence fields, such as homogeneous
and isotropic fields, many of the general theories and descrip-
tions of turbulence fields given by these analyses apply, in
principle, to the shear flows of present interest. For instance,
the statistical separation of the larger and the smaller eddies
for high Reynolds numbers, and the existence of an inertial
subrange, are expected in the shear flows as well as in the
idealized turbulence fields.!t

It is the aforementioned general statistical separation of the
wavenumbers upon which the present turbulence model has
been built. However, it is not necessary in the formulation
of the present turbulence model that the ‘“‘universal equilib-
rium theory”’* for homogeneous and isotropic turbulence
fields, which led to the Kolmogoroff spectrum, should hold
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Fig. 4 Dissipation functions (u* = friction veloeity).

in its entirety. There are, nevertheless, a considerable
number of experimental indications that the universal
equilibrium theory holds for shear flows as well as for homo-
geneous isotropic fields to the extent that the Kolmogoroff
spectrum has been measured within the boundary layers and
the freejets.?

In the present section, we shall assume that the universal
equilibrium theory holds at each point of the flowfield except
in the laminar sublayer. This assumption implies that the
rate of dissipation of the turbulence energy by the small
“dissipation” wavenumbers is exactly equal to the energy
depletion rate of the larger ‘‘energy-containing” wavenum-
bers locally. The rate of energy loss from the larger energy-
containing wavenumbers is given'* by 8 (UrUs) where 1/8

is the characteristic time of the energy-containing eddies.

Hence, we may write for the dissipation €/, with the aid of
Eq. (17),

e = (A/20)U U2 (48)

In the analysis of Couette flow, A was set equal to L/2 in
order not to further complicate the already formidable
governing equations. However, various experimental data
on shear flows indicate that the characteristic scales of the
larger eddies are related to the local mean velocity gradients.
Knowing that A must be finite at the edges of the shear
flowfields (y = L), where the mean velocity gradient often
approaches zero, we let, for two-dimensional flows,

ot /us)
A= L/ s+ o @

where u,» is the reference average velocity with which the
velocity is normalized.

With the constant A set equal to one, Eq. (48) is now de-
terminate with Eq. (49). The dissipation functions for the
present Couette flow, flat-plate boundary-layer flow, and the
plane jet flow have been computed using Eq. (48). The
computed results and the available corresponding experi-
mental values of dissipation functions are shown in Fig. 4.
The characteristic lengths L for the boundary layer and
plane jet flows in Fig. 4 are the boundary-layer thickness
and the half-width of the jet, respectively. The reference
velocity uo~ for the boundary layer is the freestream velocity,
whereas that for the jet is the centerline velocity. The
present computed values of (U,U;) have been employed in
Eq. (48) for Couette flow, whereas the available experimental

values of (U,Us) have been used for the boundary layer and
jet flows.
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Considering the discrepancy among the experimental
values themselves, the agreements between Iiq. (48), with
Eq. (49), and the experimental values are quite satisfactory.

VI. Concluding Remarks

A simplified turbulence model has been construeted which
describes the effect of various wavenumbers on the statistical
behavior of fluid elements containing chemically reactive
species. A modified Fokker-Planck equation has been
derived and adapted to govern the distribution function of
the fluid elements and, hence, of the chemical species. First,
four-order moment equations were derived from the present
theory, and they were shown to be identical up to a term to
those derived from the Navier-Stokes equation, thus estab-
lishing the basic consistency of the present theory.

The theory was then employed, as a primary ‘test, to an-
alyze the turbulent Couette flow of a chemically inert fluid.
In the analysis, it was shown that the present theory as
applied to a chemically inert fluid is self-containing up to the
dissipation function. An experimental value of the dissipa-
tion function for pipe flow, for lack of the same for Couette
flow, was adapted and used in the analysis. A comparison
of the present theoretical results with the available experi-
mental data on Couette flow showed a satisfactory agree-
ment between the two.

A simple relationship has been derived between the dis-
sipation function and the other variables of the theory,
based on the universal equilibrium theory, which would render
the present theory completely self-containing for the chem-
ically inert single-component flow. Tt was shown that this
relationship predicts the dissipations for Couette, boundary
layer, and plare jet flows quite satisfactorily.

In a high-Reynolds-number turbulence field, a statistical
separation exists between the lower and the higher wave-
numbers. Hence, there are two governing characteristic
lengths or times of the flow. Furthermore, the higher wave-
numbers are in statistical equilibrium. These facts enabled
us to employ Brownian stochastics in describing the decay of
the influence of the lower wavenumbers on the fluid elements.
In Brownian stochasties, it is necessary to specify the char-
acteristic time of the lower nonequilibrium wavenumbers
only, since the characteristic time of the higher equilibrium
wavenumbers is much shorter than that of the lower wave-

- numbers. With the assumption that the observable statisti-

cal properties of the fluid elements are entirely due to the
lower wavenumbers, we were able to analyze the various
properties of the flowfield, except the dissipation, in terms
of the characteristic time of the lower wavenumbers only,
in addition to the characteristic flow time.

The dissipation occurs at the higher wavenumbers. There-
fore, the experimentally obtained value of the dissipation was
employed in the solution of the Couette flow problem, or,
equivalently, the experimental value of the characteristic
time of the higher wavenumbers was employed. Subse-
quently, however, by assuming that the universal equilibrium
theory holds locally in shear flow, we expressed the dissipa-
tion in terms of the characteristic time or length of the lower
wavenumbers. Thus, we have completely described the
turbulent flowfields in terms of the characteristic times of
the lower wavenumbers and the flows.

The characteristic lengths (or times) of the lower wave-
numbers in shear flows, except in those produced by the grids,
for instance, are of the order of the characteristic lengths of
the flows. We have, in Eq. (49), derived an expression for
the characteristic length of the lower wavenumbers in terms
of the characteristic length of the flow. Therefore, the
turbulent shear flow problems as described by the present
theory are now completely determinate when the flow is
comprised of one chemically inert species. One should now
be able to bring the concept of the lower-wavenumber con-
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trolled dissipation into Langevin’s equation, Eq. (1), and
improve the present theory. This will be included in a future
paper.
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